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Abstract A low-diﬀusion preconditioning Roe scheme with an adjustable parameter to control the
numerical dissipation is proposed. This scheme reﬂects the real physical dissipation in the extremely
low-speed region. The preconditioning parameter in scheme is improved by linear cut-oﬀ and
correction factor. The numerical results of low-Mach-number/low-Reynolds-number steady solutions
of viscous ﬂows past a circular cylinder and past a NACA0012 airfoil show the eﬃciency of the new
scheme. c© 2012 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1205202]
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In computational ﬂuid dynamics, the time-March
algorithm has been widely applied in the simulation
of compressible ﬂow, but less satisfactory for solving
low-Mach-number ﬂow. The convective terms of the
time-dependent equation become relatively stiﬀ due to
the tremendous gap of the magnitudes between the lo-
cal ﬂow velocity and the sound speed.1 The precondi-
tioning method was developed to reduce the stiﬀness.2,3
Turkel4 developed a preconditioning matrix consisting
of two parameters. Merkle et al.5 deduced a precondi-
tioning matrix for Euler equations, and then extended
it to Navier-Stokes equations. The preconditioning ma-
trix designed by Choi and Venkateswaran et al.6,7 con-
sidered the inﬂuences of the Reynolds number.
The numerical dissipation of the preconditioning
scheme aﬀects the simulation of low speed ﬂow much
more. The speed of the ﬂow around a wind turbine is
low and the ﬂow speed behind the wind turbine tower is
extremely low specially. The widely used precondition-
ing method based on the Roe scheme has much more
dissipation in low speed region, causing an inaccurate
computation. In addition, under the ideal condition,
the parameter ε in the preconditioning matrix should
have the same order as the square of the local Mach
number. The existence of the factor 1/ε causes unsatis-
factory stability of calculations. Thus, the precondition-
ing parameter must be cut oﬀ to keep the computation
converged. It implies that the preconditioning method
guarantees the accuracy in the region of the relatively
higher local velocity, but fails in both accuracy and con-
vergence when the local velocity becomes very low. The
cut-oﬀ parameter will cause excessive dissipation in the
low speed region and severely aﬀect the accuracy of the
scheme.
Some improvements are proposed in the present
paper. With a parameter which can adjust the nu-
merical dissipation of the scheme added to the con-
ventional scheme, a new low-diﬀusion preconditioning
Roe scheme is obtained. A cut-oﬀ parameter is pro-
a)Corresponding author. Email: wusping825@gmail.com.
posed to linearly change the preconditioning parameter
and enhance the computation accuracy. The numeri-
cal results of low-Mach-number/low-Reynolds-number
steady solutions of viscous ﬂows past a circular cylinder
and past a NACA0012 airfoil show the eﬃciency of the
new scheme.
The governing equations in conservation form of
two-dimensional compressible ﬂow based on the conser-
vativesQ = (ρ ρu ρv E)T can be changed into the sys-
tems which are based on the primitives q = (p u v T )T,
and the preconditioning equations can be expressed as
Γ
∂q
∂t
+
∂F
∂ξ
+
∂G
∂η
=
1
Re
(
∂Fv
∂ξ
+
∂Gv
∂η
)
. (1)
The preconditioning matrix Γ proposed by Lee8 is
readily given as
Γ =
⎛
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, (2)
where ε is the preconditioning parameter. In this pre-
conditioning matrix, the impact of ∂ρ/∂T is neglected
without aﬀecting the computational convergence.
The parameter ε should be of the same order with
the square of local-Mach-number. This treatment of ε,
however, will deteriorate the numerical stability in prac-
tical applications.9 To improve the numerical stability,
ε can be truncated by a cut-oﬀ parameter ε0, such as
ε = min
(
[max (ε0,M)]
2
, 1
)
, (3)
with ε0 = M∞, the inﬂow Mach number.
The global truncated parameters associated with
the far-ﬁeld inﬂow-Mach-number will increase the nu-
merical dissipation in the extremely low-speed region.
052002-2 S. P. Wu, and N. Cao Theor. Appl. Mech. Lett. 2, 052002 (2012)
Re/20
Re/40
Streamline past a cylinder
Cylindrical surface
pressure coefficient
Pre-Roe Pre-Roe (α)
Pre-Roe (α)
Pre-Roe
Pre-Roe (α)Pre-Roe
0   50 100 150 200
Angle
1.5
1.0
0.5
0
-0.5
-1.0
c
p
0   50 100 150 200
Angle
1.5
1.0
0.5
0
-0.5
-1.0
c
p
Fombeg(10)
Pre-Roe
Pre-Roe (α)
Fombeg(10)
Fig. 1. Flow past a circular cylinder.
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Fig. 2. Preconditioning parameter with linear cut-oﬀ pa-
rameter.
It will have a great eﬀect on the ﬂow ﬁeld whose low-
speed region is large, thereby leading to unsatisfactory
results.
Consider the scalar hyperbolic equation of conser-
vation law as an example. The numerical ﬂux of the
conservational diﬀerence scheme is written as
f¯ni+1/2 =
1
2
[
fi + fi+1 −
(
Δt
Δx
)α−1
·
|a|α (ui+1 − ui)
]
, (4)
where a = f ′(u). One can get Roe scheme by tak-
ing α = 1, second-order Lax-Wendroﬀ scheme with-
out numerical dissipation by taking α = 2, and Lax-
Friedrichs scheme with largest numerical dissipation by
taking α = 0. So, it is clear that the exponent α can be
used to control the numerical dissipation.
Application of the above analysis to system (1) gives
the low-diﬀusion Roe scheme in this paper, which is
denoted as pre-Roe(α) scheme. The inviscid numerical
ﬂux is given by
F¯i±1/2,j =
1
2
[
F (qi) + F (qi+1)−
(
Δt
Δξ
)α−1
·
(
ΓR |Λ|α R−1)
i+1/2,j
(qi+1 − qi)
]
. (5)
When α = 1, the proposed pre-Roe(α) scheme is re-
duced to the preconditioning Roe scheme, which re-
garded as Pre-Roe scheme here.
The ﬂow ﬁeld can be divided into two regions ac-
cording to the magnitudes of velocity. In the region
where velocity is less than inﬂow velocity, extreme nu-
merical dissipation can be properly reduced by taking
the value of α between 1 and 2. In the region where
velocity is greater than inﬂow velocity, we turn to the
pre-Roe scheme by taking α = 1. According to the
analysis we take
α = max
(
2− (M/M∞)2, 1
)
, (6)
which varies continuously from 1 to 2 as the local-Mach-
number is tending to zero.
For the typical steady ﬂow-ﬁeld of ﬂow past a circu-
lar cylinder, the size of the symmetric separation vor-
tices increases with the growth of the Reynolds num-
ber. The low speed region and the extremely low speed
region are behind the cylinder. The surface pressure
coeﬃcient distribution and the scale of the separation
bubble are important indicators for evaluating the per-
formances of the numerical procedure.
In the present test case, the inﬂow-Mach-number is
chosen to be M∞ = 10−3 and Reynolds numbers are
20 and 40. The out boundary of the ﬂow region is a
circle of a radius that is 40 times of the radius of the
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Fig. 3. Cylindrical surface pressure coeﬃcient (Re = 40).
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Fig. 4. Surface pressure coeﬃcient distributions on NACA0012 airfoil.
cylinder. The grids used for simulation are of O-type
with 100 in radial and 300 in circumferential. From
Fig. 1, the numerical results obtained by the conven-
tional pre-Roe scheme would cause the wake ﬂow to be
underdeveloped. The rear cylinder surface pressure co-
eﬃcients are widely diﬀerent from literatures. However,
it can be seen that the pre-Roe(α) scheme provides a
more accurate solution due to its low diﬀusion.
The distributions of the pressure coeﬃcients on the
cylinder surface are in good agreement with the litera-
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tures. But small diﬀerence exists in the region near the
stagnation point, where the velocity is extremely low,
and the parameter α is already close to 2. The excessive
dissipation in the extremely low-speed region near the
stagnation point transfers the dissipative eﬀect to the
region between 40◦ and 80◦ which causes the relatively
large deviation. We can further reduce the dissipation
through modifying the selection of the cut-oﬀ param-
eter, which have important inﬂuence on the eﬀect of
preconditioning and the result of calculation.
The cut-oﬀ parameter can be written as
ε0 = kMref , (7)
where k is the correction factor, Mref is the reference
Mach number. Taking k = 1 and Mref = M∞ means
Eq. (3). However, these generate large truncate error in
the region of M2/M2ref < 1, which enhances the numer-
ical dissipation and aﬀects the computational accuracy.
In this paper, we propose a linear cut-oﬀ parameter
as (Fig. 2)
ε20 =
(
0.9M2/M2ref + 0.1
)
M2ref , (8)
it is favorable to balance the needs between stability
and accuracy.
For the same case given above, Figure 3 is the sur-
face pressure coeﬃcients with details at the region of the
front stagnation point, which shows the improvement of
the linear cut-oﬀ parameter.
In order to validate the preconditioning with a
linear cut-oﬀ parameter, we consider a ﬂow past
NACA0012 airfoil at zero angle of attack with M∞ =
10−3 and Re = 7 × 105. The grids used in simulation
are of O-type with 400 × 125. Figure 4 gives the sur-
face pressure coeﬃcients with detailed near the front
stagnation point and close to the trailing edge. It also
demonstrates the superiority of the linear cut-oﬀ pa-
rameter proposed in this paper.
The low-diﬀusion Roe scheme with adjustable nu-
merical dissipation has been proposed. The adjustable
parameter decreases the numerical dissipation and bal-
ances the requirement of stability and reliability.
An approach of the preconditioning parameter with
linear truncated parameter has been developed. The ac-
curacy of the results is further improved with the com-
putational stability.
The numerical simulation of the low-Mach-number
and low-Reynolds-number ﬂows past a circular cylinder
and a NACA0012 airfoil are performed. The results are
satisfactory and show that the new approaches proposed
in the present paper are eﬀective.
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